1 Abstract-First, the paper proposes the method for interpolation of any experimentally obtained symmetric hysteresis loop curve (SHLC) with accuracy and computation efficiency at discrete Fourier transformation (DFT) level. Second, the method has been further developed so that, based on the family of the properly chosen and measured SHLCs, it reliably and accurately predicts an arbitrary inner SHLC. Sinusoidal magnetic flux, along with applied zero crossing sampling system, allows for the introduction of the pure linearization approach. The novelty of this approach is a direct transformation of a cosine polynomial (CP) interpolating of one SHLC over the set of equidistant nodes in the electric angle (EA) domain to the algebraic polynomial (AP) interpolating the same SHLC over the set of nonequidistant Chebyshev nodes in the magnetic flux (MF) domain, with the accuracy remaining unchanged. Based on the results of the interpolation error analyses, the SHLC measurement has been proposed for nonequidistant values of magnetic flux at the loop tip, matching the Chebyshev nodes of the second kind. This is the second novelty which enables a successful prediction of an arbitrary inner SHLC.
Index Terms-Accuracy; error estimation; interpolation; magnetic hysteresis; magnetic losses; transformer cores.
I. INTRODUCTION
The usage of a properly selected numerical fitting method is a common characteristic of the majority of phenomenological approaches to the magnetic curves analysis and modelling. This applies to the earlier works treating some particular magnetic curves (Widger [1] , Rivas, Zamarro, Martin, and Pereira [2] ), over the flexible Takacs model [3] numerically parameterized by Meszaros [4] and de la Barriere, Ragusa, Appino and Fiorillo [5] to the most comprehensive and usable models recently developed by Zirka, Moroz, Harrison and Chieza [6] , Zirka, Moroz, Harrison, Chieza and Hoidalen [7] , [8] , and Alonso, Jazebi, and de Leon [9] . It should be noted that the works [6] - [8] Manuscript received 12 December, 2016; accepted 22 March, 2017. This work was partially supported by the Ministry of Education, Science and Technological Development of the Republic of Serbia, under grant number TR32014.
are based on the continuous earlier research, referenced in [6] , and a careful analysis of certain drawbacks in practical usage of the Jiles-Atherton [10] , [11] and Preisach model [12] , [13] .
Different numerical fitting methods, applied to the different models of magnetic curves, affect error distribution in very specific ways. The authors have generally avoided treating this difficult problem explicitly, and mainly resorted to giving graphical presentation of error distribution in particular cases, and offering a remark regarding the good correlation between the experimental and theoretical results. Therefore, there are no consistent means for the comparative estimation of the accuracy that the proposed methods can offer.
On the other hand, the improved flexibility of the proposed models [6] - [8] usually has as a consequence a very tedious preparation for the numerical computations. As an alternative approach, the interpolation method has been proposed in the symmetric hysteresis loop (SHL) modelling by M. Hoffman and H.-G. Herzog [14] . Unfortunately, this remarkable work does not provide an explicitly derived error estimation of a chosen set of the interpolation nodes for the measured SHLs. Secondly, the very interpolation procedure for an arbitrary SHL prediction was omitted. Given that the base set of the experimentally obtained SHLs is the milestone for the second and higher order reversal curves prediction [6] , [7] , [14] , the accuracy of the interpolated SHLs is an important issue.
The above mentioned works [6] - [9] , [14] treat the so called inverse hysteresis models. The first step in each of the proposed models [6] , [7] , [14] is getting a certain number of SHLs by the measurement at some equidistant values of the magnetic flux or magnetic flux density at the loop tip. This work proposes the SHL measurement at nonequidistant values of magnetic flux at the loop tip matching the Chebyshev nodes of the second kind. Since the treated SHLs are symmetrical, their ascending or descending curves only need to be considered.
The symmetric hysteresis loop curves (SHLC) are measured under sinusoidal magnetic flux (MF) regime and 
over the EA domain
, to the algebraic one of the form
with the remaining T   in (2) denote the k degree Chebyshev polynomials of the first kind, whereas  represents the instantaneous MF values, and m  denotes the maximal value of MF at the loop tip. In Section II the linearization approach will be briefly presented and the existence of the discrete sets of samples showing how the method can be applied will be considered. An estimation of the approximation error, as well as the testing of the accuracy of the method by considering distribution of the approximation error for experimentally obtained SHLC, is presented in Section III. In Section IV, this method is further developed for the interpolative prediction of an arbitrary inner SHLC, while the discussion and conclusion is given in Section V and Section VI respectively.
II. THEORY OF LINEARIZATION APPROACH AND EXPERIMENTAL RESULTS

A. Theoretical and Experimental Requirements for the Validity of the Method
Let us assume that the MF in magnetic circuit of an Epstein frame (toroidal specimen) or a single phase transformer at industrial frequency f = 50 Hz or f = 60 Hz is sinusoidal. A generally accepted view in this case is that the extremes of the same sign of the excitation current and the MF occur simultaneously at the moments when the induced electromotive force in the primary and secondary windings achieves zero values (Fitzgerald, Kingsly, Umans [15] ).
The previous assumption implies the use of a dualchannel zero crossing system for synchronous sampling. For this purpose, the authors used two Agilent 3458 multimeters in the zero crossing mode with a sampling rate of 10 kHz. One channel was used for the sampling of the excitation current 0 ( ) 
In other words, the first sample from this set that corresponds to the negative extreme, for both the MF and the excitation current, was indexed with the index value 0. Then, the last sample from this set that corresponds to the positive extreme for both the MF and the excitation current was indexed with the index value 100. , with the ordinates remaining unchanged, the MF samples are perfectly linearly distributed along a straight line of the form y x  . As a consequence of the new MF distribution, the excitation current samples will be distributed along the ascending curve of the hysteresis loop (Petrovic, Pjevalica, Vujicic [16] ). This situation is represented fully in Fig. 1 . At the same time, the CP (1) of the excitation current will be mapped into an algebraic polynomial (AP) (2) of the hysteresis loop curve ( [16] , [17] ). Without any loss of generality, and for the purpose of the common mathematical notation usage, the further consideration will be based on the normalized MF values, denoted with
B. Existence of the Subsets of Samples Which Represent the Chebyshev Nodes of the First and the Second Kind
Now the sample index is denoted by k. Then the Chebyhev nodes of the first kind (CHN_I nodes) are determined by the expression [17] :
where   ,
where ( 0,1, , 1)
. By means of the substitution  = /100, where  represents the sampling step, expressions (3)- (4) and (5)- (6) 
where ( 1, 2, , )
where
. Based on (7), the expression for determining index values of the CHN_I nodes is derived as 
and integer values for ChII k will be obtained only if ChII n takes the values from the set {101, 51, 26, 11, 6, 5, 3, 2}.
All possible index values obtained from the expressions (9) and (10) are represented in 
C. Generating a SHLC Interpolation Polynomial over the Chebyshev Nodes of the First and the Second Kind
The interpolation polynomial over 1
has the following form [17] 
where [ 1, 1] x  
. Term ( ) k T x in the above expression denotes a k degree Chebyshev polynomial of the first kind. By virtue of the discrete orthogonality [17] , [18] of the ( ) k T x Chebyshev polynomials over CHN_I nodes, the k c coefficients are computed by two equivalent expressions:
where 0, , 1 In accordance with (11), (12) and (13) 
. An example of generating an interpolation polynomial by means of (12)- (14) is represented for the set of 10
ChI n  Chebyshev nodes of the first kind in tabulated form in Table III and in Similarly, by virtue of the discrete orthogonality of the Tk(x) Chebyshev polynomials over 1
ChII n n   Chebyshev nodes of the second kind [17] , the following expressions hold
where [ 1, 1] .
by the expression (6). An example of generating an interpolation polynomial by means of (15)- (18) is represented for the set of nchII = 11 Chebyshev nodes of the second kind in graphical form in Fig. 3 and in tabulated form in Table IV . The interpolated SHLC is the same as for CHN_I nodes. Core losses can be determined by calculating the area of the closed hysteresis loop. Although it seems that this calculation requires the use of the AP form (20) 
the integration gives as a result 
and for n + 1 = 11 CHN_II nodes it gives 
The expressions (22), (23) and (24) point out an important fact regarding numerical calculations, namely, that an area of the closed symmetrical hysteresis loop can be calculated directly on the basis of k c coefficients and the m  value without the need for generating an AP of the form (20) .
III. ANALYSES OF ERROR BEHAVIOUR AND ERROR DISTRIBUTION A. CHN_I Nodes versus CHN_II Nodes
After transition from the EA domain (time domain) to the algebraic domain (domain of MF), CPs (14) and (18) (26) and (28) represent the Chebyshev polynomials of the first and the second kind of degree n [17] .
Since the analytical form of the function 0 ( ) i x is unknown, the expressions (26) and (28) enable the comparison of the quality of approximation for the case when nChI = nChII = n. In such case, the next expressions hold:
The term For the practical application, when the interpolation nodes are formed from the set of samples on the basis of (7) and (8) . This is represented in Fig. 5 for the 10 
B. Accuracy Considerations Regarding the Choice of the Kind and the Number of Chebyshev Nodes and Comparison with the DFT Accuracy
Since the analysed SHLC belongs to the most outer hysteresis loop, obtained at 220 V supply, it represents the worst case scenario with regard to the error magnitude. The complete analysis of the all error aspects exceeds the frame of this work and demands an article entirely devoted to this very topic. Instead, the most important facts for interpolation as an approach for the reliable and efficient prediction of an arbitrary inner SHLC will be highlighted here. Two questions arise here about the further interpolation method development: which one of the two kinds of Chebyshev nodes is more suitable for the SHLC application and which number of nodes is needed to obtain a reliable accuracy?
With regard to the first question, there are three good reasons for the choice of the Chebyshev nodes of the second kind. The first is the above analysed impact of the modulation , when the interpolation nodes are formed from the set of samples. The second is that the measured loop tips belong to the set of CHN_II nodes. And finally, it has been shown in [19] that for CHN_II nodes usage, the accuracy achieved by using the cosine polynomial is at the level of DFT method proposed in [20] .
For an estimation of the accuracy dependence upon the number of CHN_II nodes, the next two aspects will be considered: the accuracy of the closed hysteresis loop area determination and the accuracy of the SHLC instantaneous values determination.
The determination of the closed hysteresis loop area, based on the expressions (21)- (24), gives the results represented in Table V. Concerning the second aspect, since the relative errors for the all approximated and measured instantaneous values fall below 1 %, whatever number of CHN_II nodes is used, all of the above treated sets of CHN_II nodes could be employed with regard to the achieved accuracy. 
IV. BRIEF EXPLANATION OF THE PROCEDURE FOR AN ARBITRARY INNER SHLC INTERPOLATION A. Decomposition of a Measured SHLC into its Hysteretic and Anhysteretic Components
As the first step in the interpolation of an arbitrary inner hysteresis loop, it is necessary to decompose each of the measured SHLC to its hysteretic and anhysteretic components
over EA domain 
This decomposition has been proposed in [19] , [21] and is represented in Fig. 7 for the most outer ascending SHLC measured at 220 V supply. The hysteretic components of all 13 measured ascending SHLCs are represented in Fig. 8 . 
B. Choice of the Number and Values of Measurement Points
The high interpolation accuracy that CHN_II nodes accomplish for a measured SHLC implies an idea of the measurement of a family of SHLCs at the loop tips matching the CHN_II nodes, instead of the equidistant loop tip values. Since the interpolative prediction of an inner SHLC is actually two-dimensional interpolation, the approximation error should be optimally suppressed. The error analysis (section III A) implies following estimation: the number of CHN_II nodes, that is approximately two times greater than the number of significant harmonics of an excitation current, guarantees the successful suppression of the approximation error (Fig. 6) . The sampling frequency of 10 kHz provides two suitable sets of 21 and 26 CHN_II nodes (Table II) . This is the main reason why this measurement was performed for 13 rms supply voltage values represented in Table I . Each value produces two peak values that correspond with 26 loop tips of 13 symmetric hysteresis loops. On the other hand, specific number of 13 rms (26 peak-to-peak) CHN_II nodes was limited by the sampling system resolution. This restriction can be observed for hysteretic SHLC components measured in the last three (213.08 V, 218.26 V, 220.00 V) corresponding measurement points (Fig. 8) . Finally, 10 kHz sampling frequency choice is in turn determined by the sampling system resolution.
C. Choice of the Number of CHN_II Nodes over the domain x  [-1,1]
The next step is the choice of ChII k CHN_II nodes over the domain [ 1, 1] determined for an arbitrary chosen value of the supply voltage for the range from 0 V to 220 V. This task is accomplished by using the interpolation polynomials generated at each of xk nodes, over 13 CHN_II nodes matching the instantaneous values of the measured hysteretic SHLC components. This situation is represented in Fig. 8 . Since each of these 13 values is positive, the above mentioned polynomials could be treated as odd, and they are represented by the coefficients with the odd indexes only.
Choice of 21
ChII k  instead of 26
domain decreases computational costs without significant influence on accuracy (Fig. 6 ). Taking into account that hysteretic component of SHLC is, by definition (36), an even function, the actual number of computations is decreased from 21 to 10. This means that an interpolative prediction of an arbitrary inner hysteretic curve, in this case, resolves 10 vectors consisting of 13 coefficients for each one. These 10 vectors are represented in Table VI .
D. Interpolative Prediction of a Hysteretic Curve for the Given Supply Voltage Value
For an arbitrary supply voltage rms value from the range U  [0 V, 220 V] it is necessary to get its corresponding normalized value x by simple dividing x = U/220 V. Then, this normalized value x is to be submitted to each of the 10 interpolation polynomials represented by its coefficients in Table VI (Table I  and Table VI V. DISCUSSION Herein all steps of the proposed work will be summarized and the main contributions will be briefly discussed.
The first step is an identification of the sample subsets that represent Chebyshev nodes of the first and the second kind dependent of a given sampling frequency. Expressions (9) and (10) (Section II B) show explicit solution. Generation of the corresponding SHLC approximation polynomial is performed using (11)- (14) and (15)- (18) (Section II C). Described linearization approach gives the first important result -the degree of an approximation polynomial should be equal to the number of significant harmonics of an excitation current or slightly greater, to achieve expected DFT accuracy level.
The successful interpolative prediction of an inner SHLC requires usage of CHN_II nodes, along with decomposition of all measured SHLCs to its hysteretic and anhysteretic components. These issues, along with the choice of optimal subsets of CHN_II nodes, were analysed and resolved through Section III and Section IV.
The interpolative prediction of an arbitrary inner SHLC was tested through prediction of hysteretic SHLC components and its essence is presented in Section IV D. Since the hysteretic component of one SHLC and their interpolation polynomial are both even functions, core losses are predicted directly using (24).
VI. CONCLUSIONS
The linearization approach provides simple and efficient procedure of any magnetic curve approximation by generating an accurate interpolation polynomial. The level of accuracy of these polynomials can be adjusted choosing proper number of Chebyshev nodes, and the level of accuracy can be directly traced and observed. The situation with the fitting functions usage is mainly different, but this important topic exceeds the frame of this work.
The interpolative prediction of an inner SHLC requires that all measured SHLCs have to be decomposed to its hysteretic and anhysteretic component. In that case, the interpolative procedure must be performed over either normalized MF or EA domain. Moreover, generated interpolation polynomial can be transformed into the corresponding one from an actual MF domain without any loss of accuracy.
Finally, sum of both hysteretic (even) and its corresponding anhysteretic (odd) SHLC interpolation polynomial gives the actual SHLC interpolation polynomial.
